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Abstract 

We described in [7] a monoid G acting on the integrable highest weight modules of a 
symmetrizable Kac-Moody algebra. It has similar structural properties as a reductive 
algebraic monoid with unit group a Kac-Moody group G. Now we find natural extensions 
of the action of the Kac-Moody group G on its building Q to actions of the monoid G on 
Q. These extensions are partly motivated by representation theory and the combinatorics 
of the faces of the Tits cone. 

Mathematics Subject Classification 2000: 20E42 



Introduction 

The face monoid G is an infinite-dimensional algebraic monoid. It has been obtained in [7] by a 
Tannaka reconstruction from categories determined by the integrable highest weight represen- 
tations of a symmetrizable Kac-Moody algebra. Compare also [T3] , [2] . By its construction 
and by the involved categories it is a very natural object. Its Zariski open dense unit group G 
coincides, up to a slightly extended maximal torus, with the special Kac-Moody group defined 
representation theoretically in [3] . 

The face monoid is a purely infinite-dimensional phenomenon, quite unexpected. In the 
classical case, i.e., if you take a semisimple Lie algebra for the symmetrizable Kac-Moody 
algebra, it coincides with a semisimple simply connected algebraic group. Put in another way, 
there seem to exist fundamentally different infinite-dimensional generalizations of a semisimple 
simply connected algebraic group. 

The results obtained in [7], [5], [9] and [TO] show that the face monoid G has similar- 
structural and algebraic geometric properties as a reductive algebraic monoid, e.g., the monoid 
of (n x n)-matrices. The face monoid G is the first example of an infinite-dimensional reductive 
algebraic monoid. Actually, it is is particular. The investigation of the conjugagy classes in [11] 
will show, that the relation between the face monoid G and its unit group G, the Kac-Moody 
group, is much closer than for a general reductive algebraic monoid. 
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"Liegrits" of the European Community, MRTN-CT-2003-505078. 
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Obviously, there is the following question: Does the face monoid G fit in some way into the 
building geometric theory of the Kac-Moody group G? 

In this article we investigate how to extend the action of the Kac-Moody group G on its 
building CI in a natural way to actions of the monoid G on Cl. For the article all the background 
from representation theory is not needed. We only use the algebraic properties of the monoid 
G, which in the end reduce to basic group-theoretical properties of the Kac-Moody group G 
and properties of the faces of the Tits cone X. Note that we use the term "face" for a face of 
the convex cone X in the sense of convex geometry. The structure of G and the properties of 
the faces of the Tits cone X are explained briefly to make the article easy to read. 

To describe roughly how we extend the action of the Kac-Moody group G on its building Cl 
to actions of the face monoid G on Cl, note the following property: For the face monoid G an 
infinite Renner monoid W plays the same role as the Weyl group W does for the Kac-Moody 
group G. For example, there are Bruhat and Birkhoff decompositions of G, similar as for G, 
but the Weyl group W replaced by the monoid W. The monoid W can be easily constructed 
from the Weyl group W and the face lattice of the Tits cone X. In particular, the Weyl group 
W is the unit group of W. 

Now the building Cl associated to the Kac-Moody group G is covered by certain subcom- 
plexes, the apartments, which are isomorphic to the Coxeter complex C associated to the Weyl 
group W. This connects the action of G on Cl and the action of W on C. We call an action of 
G on Cl, which extends the action of G, and an action of W on C, which extends the action of 
W, compatible if there holds a similar connection. 

We show the following beautiful theorem: For an action of W on C, extending the action 
of W, satisfying certain necessary and sufficient conditions, there exists a uniquely determined 
compatible action of G on fi. Every action of G on Cl, which extends the action of G, is 
obtained in this way. Furthermore, the action of G preserves the natural order on Cl if and 
only if the action of W preserves the natural order on C. 

An action of W on C, extending the action of W, can be found in a natural way by 
representation theory. Furthermore, there exists (a unique) compatible action of G on Cl. 
Unfortunately, these actions don't preserve the natural order on C resp. Cl. For this reason we 
call these actions the bad actions for short. 

We then look for modifications of the bad actions which avoid this defect. We call such 
actions good actions. Unexpectedly, we find not only one but two good actions of W on the 
Coxeter complex C, for which there exist (uniquely determined) compatible good actions of G 
on Cl. To do this, we use the geometry of the Tits cone X, and the geometry of a modified 
Tits cone X^ 00 constructed by E. Looijenga. In a subsequent paper [T2] we give an interesting 
algebraic geometric model for one of the good actions of G on CI. 

Some results which we obtain to carry out our investigations are important for itself. We 
give explicit descriptions of the lattice join and lattice intersection of the faces of the Tits 
cone. This leads to an elegant explicit description for the multiplication of two elements of the 
face monoid G. It also leads to a variant of a monoid theoretical construction of G, which is 
partly based on the root groups data system of G. All three things have been missing in [TJ. 
Furthermore, we find Levi decompositions of the parabolic submonoids of G. 

It remains open to determine all good actions of the face monoid G. Maybe these actions 
can be useful to find a building geometrical interpretation of G. 

By its representation theoretic construction, the unit group of the face monoid G is a 
Kac-Moody group associated to a special Kac-Moody root datum. The monoid theoretical 
construction of G just mentioned may be very useful to find the correct definition of a face 
monoid whose unit group is a Kac-Moody group associated to a general Kac-Moody root 
datum. It remains open to investigate and work out this case. 
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1 Preliminaries 



For our notation on Kac-Moody algebras and Kac-Moody groups we refer to [TJ, Chapter 1, 
Preliminaries, or to [5], Section 1, Preliminaries. We work here with a Kac-Moody group G 
over a field F of characteristic zero whose derived group G coincides with the special Kac- 
Moody group defined and investigated by V. Kac and D. Peterson in [3J. For our notation on 
convex cones and their faces we refer to [TJ, Chapter 1, Preliminaries. 

2 The face lattice of the Tits cone 

Recall that X = WC denotes the dual Tits cone in the real linear space hjjj. It can be obtained 
by applying the Weyl group W to the closed fundamental chamber C := {A e hjjj | X(hi) > 
for all i G /}. Set C := {A G X(hi) > for all i G /}. For J C I we call 



the open resp. closed facet of C of type J. By applying the elements of the Weyl group W 
to these facets, we get the open resp. closed facets of X of type J. We do not call these sets 
"faces", which is more common in the literature, because we use "face" in a different meaning. 

By a face of the Tits cone X we mean a face of the convex cone X in the sense of convex 
geometry. Denote the set of faces of the Tits cone X by F&(X). Order Fa(Jf) partially by the 
inclusion of faces, and equip it with the corresponding complete lattice structure. The action 
of the Weyl group W on the Tits cone X induces an action of W on the partially ordered set 
of faces F&(X) resp. on the face lattice Fa(X) of X. 

In this section we collect from the literature a description of the W-action on Fa(X), and 
a description of the partially ordered set Fa(X), which are both important for this article. As 
new results, also important for the following sections, we obtain explicit descriptions of the 
lattice operations of Fa(X). In addition, we describe the intersections of the faces of the Tits 
cone with the closed facets of the Tits cone explicitely. 

The following theorem and its corollary describe the set of faces Fa(JT) of X as well as the 
W-action on Fa(JT). These results are mainly a summary of some theorems of E. Looijenga in 
[6] and P. Slodowy in [16]. For detailed references please compare Section 2.1 of [7j. 

To state the theorem and its corollary some definitions are useful. For ^ C I we denote 
by 9°, respectively 0°° the set of indices which correspond to the sum of the components of the 
generalized Cartan submatrix Aq of finite, respectively non-finite type. We set 0° := 0°° := 0. 
For a face R of the Tits cone X we denote by ri(R) its relative interior. 

Definition 2.1 A subset C I is called special if = 0°°. A face R of X is called special if 
ri{R)C\C^$. 

For J C / set J 1 - := { i e I \ a l3 = for all j e J}. 

Theorem 2.2 Let be a special subset of I. Then 



Fj 
Fj 



{A G m X(hi) = for i G J, \{hi) > for i G I \ J}, 
{A G hg | X(hi) = for i G J, A(/i 4 ) > for i G I \ J} 



R(Q) :=W e ±F e 



(1) 



is a special face of X . Its relative interior is given by 





(2) 



jce 1 , j=j° 
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The linear hull of i?(9) is given by 

span(R(e)) = { A S | A{7i;) = /or a// i £ 8}. (3) 

In particular, R(Q) = X n span{R{S)) = { \ E X \ A(^) = /or all i e }. 
The W- stabilizers of R(Q), pointwise and as a whole, are: 

Z w (R(e)) := {a eW\ <t\ = \ for all \e i?(9) } = We- (4) 
7Vw(i?(6)) := { a G W \ <jR(0) = i?(9) } = W eue x. (5) 

From this Theorem follows easily: 

Corollary 2.3 faj We get a bijective map from the special sets of I to the special faces of X 
by assigning to the special set 9 the special face R(Q). 

(b) Every W-orbit of Fa{X) contains exactly one special face of X . 

By part (b) of the last corollary, every face R can be parametrized in the form R = o~R(Q) 
with a £ W, and with a uniquely determined special set O, which we call the type of R. The 
element a is uniquely determined, if we restrict to the minimal coset representatives W~ ue of 
W/Weue- 1 -- The next theorem shows how to express the inclusion and the lattice operations 
by this paramctrization. The equivalence of part (a) has already been given as Proposition 2.5 
of [7]. Part (b) is new. 

To state this theorem define a function red : W — > / in the following way: Set red (1) := 0. 
If a G W\{1} and ■ ■ ■ <Ji k is a reduced expression for a with simple reflections cr^ , . . . , cr^ 
corresponding to i±, . . . , ik £ I set 

red(a) := {h, . . . , ik} C I. 

The function red is well defined, because this subset of / is independent of the chosen reduced 
expression by a result of J. Tits, compare for example Theorem 2.11 of [TS]. Denote by < the 
Bruhat order on W. The function red is order preserving, i.e., a <a implies red (a) C red (a), 
a, a G W. 

Recall the following convention to cut short many formulas: We often identify in the obvious 
way the set of indices / with the set of simple roots. 

For the theorem note also that the lattice intersection of two faces coincides with the set 
theoretical intersection of the faces. 

Theorem 2.4 (a) Let a, a' G W, 0,6' be special. Then: 

a'R(&') C aR(Q) ^> 9' 3 9 and o- - V G 1AVW '- (6) 

Different faces of X of the same type are not comparable by C . 
(b) Let t G Oiue^yyOsue^ q 1&2 be spec i a i Then 

R(Gl) R tR(Q 2 ) = R(&x U9 2 Ured(r)), (7) 
R(Qx) VTiJ(e 2 ) = i?((9inr9 2 ) 00 ). (8) 

Remark 2.5 The lattice intersection and lattice join of two arbitrary faces can be reduced 
easily to the formulas Use the formulas for the stabilizers of the special faces. 

In particular, the following slightly more general formulas than ^ and |3P hold: Let t G 
©i W Q 3 , 9i,9 2 be special. Then 

i?(9i) n ri?(9 2 ) = R(Qi U 9 2 U red (r)). 
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Let t £ 8l W Bj , 61,62 be special. Then 

i?(6i) v tR(o 2 ) = ij((e x n Te 2 )°°). 

Proof: The equivalence of part (a) has been given in Proposition 2.5 of [7j. From this equiv- 
alence and formula (O follows immediately that different faces of the same type are not com- 
parable. 

We now prove formula {7]| of part (b): We first show that the set 

6 := 6 a U9 2 Ured(r) (9) 

is a special subset of /. Obviously, r £ We by the definition of 6. Decompose r in the form 
T = T oo T o with € We°°, To € We - The sets 6°° and 0° consist of connected components 
of O. Thus 0° C (0 00 )- 1 -. Furthermore, 82 C 9 implies 62 C 0°°, which in turn implies 
(Q2) 1 - 2 (0°°)^. Therefore, 

We 1 ue i LT We 2 ue^ = w e 1 ue i LT ooToWe 2 ue 2 J - = We 1 ue i LT ooWe 2 ue 2 L - 

Since r is an element of minimal length in this double coset we get I^t^) > l(r) = l^^) +Z(tq). 
This implies l(ro) = 0. Therefore, To = 1 and t = t^. Because of ©i C 6°°, Q 2 C 0°°, and 
red (t) C 0°° we get 

0°° C = 0! U 2 U red (t) C ©i U 2 U 0°° = 0°°, 

which shows that is special. 

The intersection of the faces -R(©i) and Ti?(©2) is again a face of X, i.e., i?(©i) nT_R(@ 2 ) = 
f]R(J) for some 77 G W and some J C / special. By part (a) we find 

J D 0i U 2 and 77 £ W e ±Wj, r^-q G W e iWj. 

It follows t G WeJ-W,/W j_. Therefore, there exists an element 

xeWjnWeiTWei C W eiUe ±TW 02ue ±. 

Since r is a minimal double coset representative we have t < x. Therefore red (t) C red (x) C 
J. Because of ©i U ©2 C J it follows C J. 

Only by definition (J9]) and part (a) we get i?(0) C i?(©i) PI tR(&2) — r]R{J) immediately. 
Applying (a) once more shows the reverse inclusion D J. 

It follows R(Q) C r)R(G) = R(e t ) D tR(Q 2 ), which implies R(Q) = rjR(Q) = i?(©i) n 
tR(Q 2 ) by part (a). 

Finally, we prove formula © of part (b): We first show the inclusion 

i?(0i) VTi?(0 2 ) Ci?((© 1 nT0 2 )° o ). (10) 

Obviously, (0i nT© 2 )°° C 0i. It follows fl((0i n tQ 2 )°°) D i?(©i). Now let A £ tR{0 2 ). 
Then it holds 

= (t" 1 A)(/i 1 ) = X(rhi) = \{h TOli ) for all i £ 2 . 

In particular, X(h t ) = for all i £ ©1 n t© 2 . Therefore, we get tR{Q 2 ) C i?((©i n t02)°°). 

The join of the faces i?(©i) and tR(Q 2 ) is a face, i.e., i?(©i) V tR(Q 2 ) = r]R(J) for some 
f] £ W and some J C I special. By part (a) we get 

J C ©! n 2 and 77 £ W ei Wji, r^-q £ W 02 Wj_l. 



5 



It follows t 6 W@ 1 Wj±Wq 2 . Therefore, there exists an element 

x e Wj± n w ei rWe 2 c Wj± n w eiU9 iTW e2ue i. 

Since r is a minimal double coset representative we have r < x. This implies red (r) C red (x) C 
J- 1 . Therefore, rJ = J. It follows J C 9i n t9 2 . Since J is special we get J C (9i n r02)°°, 
from which follows by part (a) 

r?E((6i n re 2 ) 00 ) C r)R(J) = R(Bi) V ri?(9 2 ). 

If we use the inclusion (fT0|) and part (a) once more we get i?(9i)nr_R(9 2 ) = i?((9inT9 2 )°°). □ 

Later, we also need the following proposition, stated as Proposition 2.7 of [7j. It shows how 
the face lattice of the Tits cone Xa, associated to a generalized Cartan submatrix Aj of the 
generalized Cartan matrix A can be found as a sublattice the face lattice of the Tits cone X 
associated to A. 

Proposition 2.6 Let ^ J C I. Identify the Coxeter group W(Aj) with the parabolic sub- 
group Wj of W. We get an embedding of lattices 

Tj : Fa(X A} ) -» Fa(X) 

by T j(tRaj(Q)) := ri?(9), where t 6 W(Aj) = Wj, and 9 C J special. Its image is given 
by 

Fa(X)j := { i? g Fa(X) | D i?(J°°) } 

= { ri?(9) | r S Wj, 9 C J spedaZ } 
= { tR(Q) I r e Wj-, 9 C J°° specie/ } . 

To simplify the notation of many formulas we set Fa(X) := {X}. 

If R is a face of X and F is a closed facet of X, then i? n F is a face of F. Therefore, RPiF 
is also a closed facet of X. Explicitely, we have the following Theorem: 

Theorem 2.7 Let 9 be special subset of I, and J CI. Let a £ eue± W J . Then 

R(Q) HaFj = F eu j Ured ( a y 

Remark 2.8 The formula for the intersection of an arbitrary face with an arbitrary facet can 
be derived easily form this formula. Use the formulas for the stabilizers of the special faces and 
of the closed facets as a whole. 

Proof: Note first that F eu j Uredi<7 ) = aF euJUredi<7 ). Since R(@) = W e ±F 2 F euJUred{a - ) 
and Fj D F eujured(o-) the inclusion "D" of the Theorem follows immediately. We now show 
the reverse inclusion "C". The intersection of R(&) and crFj is a face of o~Fj, i.e., 

i?(9) n o-Fj = <tF l 

for some L D J. The inclusion aF L C R(Q) = W e ±F e implies 9 C L and aF L C W e ±F L , 
from which in turn follows 

a eW e ±W L =W e ± e±nL (W L )- (11) 
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Furthermore, 

e±nL {W L ) C e± W, (12) 

which can be seen as follows. Let r G e±nL {Wh)- If £ G 6^ n L then trivially rai G A+ . If 
ieQ ± \L then 

T<Xj = a, + a linear combination in the elements a/, Z G L, 

from which follows rat G A+ e . 

Because of a G eu6)i W J C eue,i W C e ^ W, from (Q3J and $T2} follows cr G 0ini (W L ). 
In particular, red (cr) C L. 

Collecting the inclusions JCL,9CL, and red (a) C L we find U J U red (cr) C L, from 
which follows 

i?(6) r\aF,j~aF L C crFeu./uredO) = ^euju red(o-) • 

□ 



3 The face monoid G associated to a Kac-Moody group 
G, and the face monoid W associated to its Weyl group 

W 

The face monoid G of [7] is a very natural infinite-dimensional algebraic monoid. It has similar 
properties as a reductive algebraic monoid. Its unit group G coincides, up to a slightly extended 
maximal torus, with the special Kac-Moody group defined representation theoretically in [3]. 
Therefore, we call G the face monoid associated to the Kac-Moody group G. This monoid is a 
purely non-classical phenomenon. In the classical case, i.e., G a semisimple simply connected 
algebraic group, G coincides with G itself. In this section we review the algebraic properties 
of G which are used later. As new results we obtain an elegant explicit description for the 
multiplication of two elements of G and a version of a monoid theoretical construction of G. 

The face monoid G can be defined quickly as follows: Recall that we denote by P a weight 
lattice, by P + the dominant weights of P. Recall that L(A) denotes an irreducible highest 
weight module of highest weight A, and P(A) its set of weights. Now the Kac-Moody group 
G acts faithfully on © AeP + L(A). Identify G with the corresponding subgroup of the monoid 
_End(0 Ae p + L(A)) of linear endomorphisms of AeP + L(A). For every face R of the Tits 
cone X we get a projection e(R) G End(@ AeP+ L(A)) by 

e(R)v x := | W A ^ G R , where v x G L(A)\, A G P(A), A G P+ . (13) 

The face monoid G is the submonoid of End(Q) AeP+ L(A)) generated by the Kac-Moody group 
G and the elements e(R), R a face of the Tits cone X. 

This is a quick definition of G. It looks a bit strange because G is defined in an ad hoc way 
as a submonoid of this very big monoid End(Q) AeP+ L(A)). In [7] we obtained G by a Tannaka 

reconstruction. Roughly, this shows that G is the smallest monoid acting "reasonably" on the 
irreducible highest weight modules L(A), A G P + , compatible with their integrable duals. 

The following theorem gives the G x G-orbit decomposition of G. In addition, it gives 
an elegant algebraic description of the monoid G. Part (a) and (b) have been given in [7] 
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as Proposition 2.31 and Theorem 2.20 (a). The explicit formula for the multiplication of two 
elements of G in part (c) is new. 

To state the theorem we first introduce some notation. Let 9 be special. Because of the 
Levi decomposition 

^eue-L = ^eue 1 x i/Bue ^ 

and the decomposition 

Leue^ = (Ge x G e x) * T 0ve± , where T eue± := T Iveu@ ^T rest , 
we get the decompositions 

(iW) _ = ((f/ 9u9i )^Ge)^(G e ,^ euel ). 

The projections belonging to these semidirect products are denoted by 

P@ := P + : Peue- - G e x x T eue ", 

Pe : (? eu eir-G e ^T euel . 

Denote by : W — > TV the cross section of the canonical map from TV to W defined by 
1 = 1, Si = rij, i S /, and or = af if 1{<jt) — 1(a) +1(t), <j,t £ W. 



Theorem 3.1 (a) We have 



G = (J Ge(fl(@))G. 

© special 



(b) Let gi,g2, ftij ^2 £ G, and /ei ©i, 62 be special. The following statements are equivalent: 
ft) gie{R{Q 1 ))h 1 ^g 2 e{R{Q 2 ))h 2 . 

(ii) © 2 = ©i and {g 2 )~ 1 9i G feiue^ MM -1 e (P @lU e^j with p& 1 {{92)~ 1 91) = 
PeAHhi)- 1 )- 

(c) Let gi,g 2 ,hi,h 2 £ G, and let ©1, @ 2 be special. Consider the elements gie(R(Qi))hi, 
g 2 e(R(Q 2 ))h 2 . By the generalized Birkhoff decomposition write h\g 2 in the form 

hig 2 = a{aa 2 

where a x £ P@ iU0 _l, a 2 £ P @2U@ ± , and a £ &iU0^ w e 2 ue^ _ Thm 

g l e(R(® 1 ))h 1 g 2 e{R{Q 2 ))h 2 = giP 01 (ai) e( i?(©i U © 2 U red (a)) )p @2 {a 2 )h 2 . 

Proof: It remains to show (c). By applying two times part (b) we find 

g 1 e{R{@ 1 ))h 1 g 2 e{R{Q 2 ))h2 = .gie(i?(©i))aiaa 2 e(i?(© 2 ))/ l2 
= 9iV Bl (a 1 )e(R(e 1 ))ae(R(e 2 ))pe 2 (a 2 )h 2 . 
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Now consider the middle part e(i?(0i))ce(i?(02)) of this expression. By Theorem 2.20 (b) of 
[7J and by formula (J7J for the intersection of two faces in Theorem 12 .41 we get 

e(R(e 1 ))ae(R(e 2 )) = e(i?(0i) n aR(G 2 ))a = e(i?(0i U8 2 U red (a)))a. 

By (b) the last expression coincides with e(i?(0i U ©2 U red(er))). □ 

There are also Bruhat and Birkhoff decompositions for G, which we want to state next. 
Denote by N the monoid generated by N and the elements e(R), R a face of the Tits cone X. 
We get a congruence relation on N as follows: 

n ~ n' : <=^ nT = n'T ■<=>• n' G nT -<=>• n G n'T 

Denote the monoid N / ~ by N/T. Note that the monoid N/T contains the Weyl group 
N/T = W. 

The following Theorem has been given as Theorem 2.33 in [7J. 
Theorem 3.2 There are the Bruhat and Birkhoff decompositions 

G = (j B £ wB s = |j U e nU s , 

weN/T rieN 

where {e,5) = (+,+), (-,-), (+,-), (-,+) • 

s / s ^ 

Bruhat Birkhof f 

We now want to describe the monoid N/T. We do this in two steps. We first define and 
describe a monoid W abstractly, which then identifies with N/T. 

The Weyl group W acts on the monoid (Fa(X) , n). The semidirect product W x F&(X) 
consists of the set W x Fa(X) with the structure of a monoid given by 

(a,R) ■ (t,S) := {ctt, t^R n S). 

It is easy to see that we get a congruence relation on W k Pa(X) by 

(a, R) ~ (a', R') : ^ R = R' and a^a' S Z W (R) . 

We denote the congruence class of (a,R) by ae(R). 

Definition 3.3 We call the monoid W :— (W K Fa{X))/ ~ the face monoid associated to the 
Weyl group W. (In it was called Weyl monoid.) 

It is easy to check, that we get embeddings of monoids 

Fa(X) -> W W -► W 

We denote the element le(R) by e(R), and the image of F&(X) by f . We denote the element 
ae(X) by cr, i.e., we identify the Weyl group W with its image in W. 

The following two Propositions have been given as Proposition 2.24 and 2.25 of [7]. 

Proposition 3.4 W is the unit group of W, £ is the set of idempotents of W, and W is a 
unit regular, i.e., W = W£ = £ W. 
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Proposition 3.5 W is an inverse monoid. The inverse map mv : W — » W is given by 
{ae{R)) mv = £(i?)a" 1 w/iere cr £ W, i? a face of X. 

The group W X W acts in the obvious way on W. It is trivial to show: 
Proposition 3.6 The W x W-orbit decomposition ofW is 

W= (j We(R(Q))W. 

special 

Now the following Proposition, which has been given as Proposition 2.30 of [7], relates the 
monoid N/T and the monoid W. 

Proposition 3.7 The monoid N/T is isomorphic to W by the following map: 

k ■ w -► iV/T 
cre(i?) i ► ?e(i?)T 

We identify JV/T with W by this map. 

Next we want to mention some normal forms of the elements of W and G adapted to 
the W x W-orbit decomposition of W and the Bruhat decompositions of G. The following 
proposition, which is very easy to check, has been given as a part of Proposition 6 in [9]. 

Proposition 3.8 Let 9 be special. Let a <E We(R(Q))W. It holds: 

(I) The element a can be uniquely written in the form 

a = aie{R{@))a 2 with a\ G W e , cr 2 G eu0± W. 

(II) The element a can be uniquely written in the form 

a = aie{R{@))u 2 with a\ G W BuB± , cr 2 G B W. 

We call these forms normal form I and normal form II. 

The following theorem is the underlying algebraic part for the description of the Bruhat 
cells of G given in Theorem 14, Part (1), of [9]. 

Theorem 3.9 Let n G N and g G Uhlf. Let a G W = N /T be the projection of h. Let 
a = ai£(R((d))o~2 be the normal form I of a . The element g can be uniquely written in the 
form 

g = uihu 2 with m G U D <Ji{U e )~ (criy 1 , u 2 G U D (cr 2 ) _1 C/ e cr 2 - 

Furthermore, U ai := U D (a^- 1 = U n a^U )- (cri) -1 . 

Let n G N and g G U~hU~ . Let a G W = N/T be the projection of n. Let a = 
o~\ e(i?(0))cr 2 be the normal form II of a. The element g can be uniquely written in the form 

g = u x hu 2 with m G U~ C\ CTi(C/ e ) _ (a-i) _1 , u 2 G U~ n (CT 2 ) _1 [/ e cr 2 . 

Furthermore, U7 1 _ 1 := ("1 (ct 2 )" 1 [/(j 2 = [/"" n (o- 2 ) _1 ?7 e cr 2 . 
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The monoid G can be obtained abstractly from the Kac-Moody group G and the monoid 
(Fa(X), There are three related versions which use: 

(i) The root groups data system {U a )a.eA T< ,, T. 

(ii) Some subgroups of G. 

(iii) The projections pq, Pq, special. 

In Theorem 2.34 of [7] only version (i) has been given. You obtain version (ii) resp. (iii) easily. 
Replace the formulas (2) of Theorem 2.34 of [7] by the formulas (a), (/?), (7) resp. (6) of the 
proof of this theorem. 

Now in Theorem 12.41 (b) the intersection of the faces of the Tits cone X has been re- 
duced to the intersection of the special faces of X. This can be used to rewrite Theorem 
2.34 of [7] to obtain the monoid G abstractly from the Kac-Moody group G and the monoid 
({ Special sets of 7 }, U), which is isomorphic to the submonoid 

E sp :— { e(i?(0)) | a special set of J} 

of G: 

Theorem 3.10 Let ~ be the congruence relation on the free product G * E sp of the monoids 
G and E sp generated by the following relations: 

(1) For every special set C I and every t £ T: ie(i?(0))t~ 1 ~ e(iZ(0)). 

(2) For every special set 0CI, every x £ U ai a £ A re : 

(a) Ifa£ W eue ±(e U ©-L): ze^©)^" 1 ~ e(i?(0)). 

(b) Ifa£ A+ \(W e i6 i )UW e e.- xe(R(Q)) ~ e(i?(0)). 

(c) If at A- e \(W _L0- L )UWe©.- e(R{Q))x ~ e(i?(0)). 

(3) For every special set C I, S C 7, for every a £ 0U0 W" u " , /or every n a £ N 
projecting to a: e(i?(0))n (T e(i?(S))n o : 1 - e(i?(0 U S U red (a))). 

Then G is isomorphic in the obvious way to (G * E sp )/ ~. 

Remark 3.11 Because of (2) (a), the congruence in (3) may be replaced by 

n- 1 e{R{Q))n a e{R{».)) - e(R(Q U S U red (er))). 
Because of (1) and (2) (c), it may also be replaced by 

e(R(Q))a(R(E)) - e(i?(0 U S U red (ct))). 

4 Actions of the face monoid W associated to W on the 
Coxeter complex C 

The Weyl group W acts naturally on its Coxeter complex C. We first describe an extension 
to an action of the face monoid W, obtained directly by representation theory. Unfortunately, 
this action does not fit to the structure of the Coxeter complex C, because it does not preserve 
its natural order. We therefore call this action the bad action. At this point one could think 
that the face monoid W does not fit properly to the Coxeter complex C. But this is not the 
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case: We show how to modify the bad action to obtain two different order preserving actions 
of W on the Coxeter complex C. Unexpectingly, there exists more than one such action. 

To describe the stabilizers of our actions we need the analogues of the parabolic subgroups 
of W, the parabolic submonoids of W, which we treat first. The following proposition can be 
proved easily. It has been stated partly as Proposition 4.42 of [7]. 

Proposition 4.1 For J C I set £j := { e(R) | R e Fa(X)j }. Then 

Wj ;= Wj£j = SjWj 

is a submonoid of W canonically isomorphic to W{Aj). In particular, it holds (Wj) x = 
W j ClW = Wj. Furthermore, for J, K C I the following properties are satisfied: 

(a) Wj C W k if and only ifJCK. 

(b) WjDWk = W 

(c) Wj and Wk generate Wjuk os a monoid. 

We call Wj the standard parabolic submonoid of W of type J, and every conjugate aWjcr^ 1 , 
a G W, a parabolic submonoid of W of type J. 

We take as Coxeter complex the set 

C:={ aWj \creW, J CI} 
partially ordered by the reverse inclusion, i.e., for a, a' G W and J, J' C /, 

The Weyl group W acts order preservingly on C by multiplication from the left. We now look 
for an extension to an action of the face monoid W on. C. 

There is an obvious action of the face monoid W on the Tits cone X, extending the action 
of W. It has been stated without proof, which we add here, as Proposition 2.27 of [7]. 

Proposition 4.2 The face monoid W acts faithfully on the Tits cone X by 
iae{R))X:={^ | X *** R , ae(R) € W. 

The parabolic submonoid Wj is the stabilizer of any element of the facet Fj, J C I . 

Proof: The maps on X given by the elements of W are well defined: If ae(R), ae(R) 6 W 
such that ae(R) = ae(R) then R — R and cr -1 ? e Zyv(R). This implies immediately ae(R)X = 
ae(R)\ for all AeI. 

Trivially, 1 = e(X) acts as identity on X. Now let ae(R), te(S) £ W. For all A e X we 
find by the definition of the action and by the definition of the multiplication of W: 



ae(R)(Te{S)X) 



ut\ if A e S and tA e R 
else 



ar\ ii Xer^RDS 
else 



= o-Tsir^Rn S)X = ( <7e(i?)re(5) ) A. 
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Now let as(R), te(S) G W such that ae(R)X = te(S)\ for all A G X. By the definition of 
the action this implies R = S and crA = rA for all A G R = S, which by definition is equivalent 
to ae(R) = te(S). 

At last we compute the stabilizer of the point A € Fj, J C I. Note that Fj C ri(R(J°°)) C 
R(J°°) by Theorem 12.21 The stabilizer of A contains Wj because of A G Fj. The stabilizer 
of A contains £j because of A G R(J°°). Therefore, it also contains the parabolic submonoid 
yy,/ = SjWj = WjSj. Now let ae(R) G W such that ae{R)\ = A. By the definition of the 
action we find aX = A G R. It follows a G Wj. Because of A G ri(R(J°°)), it also follows 
R(J°°) C i?. Therefore, cre(i?) G VVj. □ 

It is very natural to consider this action because it is directly related to representation 
theory: Let V be a module used for the Tannaka recponstruction of G in [7]. In particular, V 
is a direct sum of highest weight modules L(A), A G P + . Let h„ G TV be an element which 
projects to a G W = A/T. It is easy to check that 

n a V x C V*a where A G P(F) U {0}, 

use Proposition 13.71 and the definition of e(R) in (fT3| . i? a face of the Tits cone. 

The set of open facets of the Tits cone X identifies with the Coxeter complex C, identifying 
the open facet tFj of the Tits cone with the element rWj of the Coxeter complex for all 
t G W, J C. I. The partial order on open facets is the inclusion order of the corresponding 
closed facets. The action of the Weyl group W on the open facets is induced by the the action 
of W on the Tits cone X. 

Now, the action of the face monoid W on the Tits cone X, which is given in Proposition ^. 2[ 
induces an action of W on the open facets. The general situation is described by the following 
Lemma, which is trivial to prove: 

Lemma 4.3 Let M be a monoid acting on a nonempty set S. Let V be a partition of S with 
the property: For every m G M and P G "P there exists a set P(m) G V such that mP C P(m). 
Then we get an action . of M on V by 

m»P := P(m) where m G M, P G V . 

Specializing to the action of W on the Tits cone X given in Proposition 14.21 and to the 
partition of open facets, identifying the open facets with the elements of the Coxeter complex, 
we arrive at the following proposition. We use the notation 

Wj |:= { V G C | V < Wj } , J CI. 



Proposition 4.4 (Bad action) The face monoid W acts faithfully on the Coxeter complex 
C as a set by 

<tie(R(Q))(t 2 □ tWj := | Wi ds£ , (14) 

where a\e{R{Q))a2 G W and tWj G C. Unfortunately, this action does not preserve the order 
on C. The parabolic submonoid Wj is the stabilizer ofWj G C, J C I . 
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Proof: Consider the action of W on the Tits cone X given in Proposition [42^ The faces of X 
are unions of open facets of X. Therefore, by the definition of the action of W, every element 
of W maps any open facet of X into an open facet of X. By the last Lemma we get an action 
of W on the set of open facets. If we identify the open facets with the elements of the Coxeter 
complex, i.e., tFj identifies with rWj, where r £ W and J C I, then this action gives the 
action of the proposition. For simplicity, we work in the remaining proof with the action of W 
on the open facets. 

Let A £ X and let F be an open facet. We next show |WA n F| < 1: If A £ X \ Fx then 
WX C WAU{0} and WXC\Fj = 0. It follows that |>VAnFj| < 1 and |WAnF| < |WAnF| < 1 
for every facet F ^ F/ of X. If A £ F t then WX = WX = X. 

Now we compute the stabilizer of Fj, J C I. For the action of W given in Proposition 
14.21 the monoid Wj is the stabilizer of every point of Fj. Therefore, Wj is contained in the 
stabilizer of Fj under the action □ of W on the set of open facets. Now let a £ W such that 
a D Fj = Fj. Choose an element X £ Fj. Then dX £ Fj. Since \WXC\Fj\ < 1 we find aX = A. 
By Proposition ^. 21 it follows a £ Wj. 

Next we show that W acts faithfully on the Coxeter complex. Let a, r £ W such that 
a\jF = T\jF for every open facet F of X. Let X £ X and let F be the open facet which 
contains A. It holds aX £ d\jF = t\jF 3 tX. Since the orbit WX ^intersects the facet 
a\jF = T^Fa,t most in one point we get aX = tX. Since the action of W on the Tits cone 
X given in Proposition 14.21 is faithful, we get a — r. 

It remains to give an example that the action is in general not order preserving: Let A 
be of indefinite, but not strongly hyperbolic type. Then there exists a nontrivial special set 
^ 6 ^ /. Now F $ > F e , but e(R(Q)) □ F $ = Fj < F e = e(i?(6)) n F @ . □ 

This Proposition is disappointing. The representation theoretically motivated obvious ex- 
tension of the action of W on C to an action of W on C is not order preserving any more. As 
seen in the last proof, responsible for this breakdown is the trivial "else" -part of formula (|14[) . 

We want to keep the essential properties of the bad action, but change the "else"-part of 
formula (Tl4|) to obtain order preserving actions of W on C. Which properties could we keep? 
These are the following properties: 

(a) The nontrivial "if -part of formula (fl4|) . 

(b) The stabilizers Stab^j(W,/) = Wj, J £ I. Then the parabolic submonoids of W play 
the same role for the action of W as the parabolic subgroups of W do for the action of 
W. 

The next proposition gives different equivalent descriptions of the "if" -part of formula (11411 : 

Proposition 4.5 Let • be an action of the face monoid W on the Coxeter complex C which 
extends the action of the Weyl group W onC. The following three statements are equivalent: 

(i) Let <j 1 e(R(e))a 2 £ W and tWj £ C. Then 

aie(i?(e))(T 2 .T>Vj = a^rWj if a 2 rW j £ W e ± (We !)■ 

(ii) e(R(J°°)),Wj = Wj for all J £ L. 
(lit) Stab^{Wj) D Wj for all J £ L. 
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Proof: Trivially, (ii) follows from (i). Now suppose that (ii) holds. Fix J C I. For every 
special set O C J we find 

e(R(Q)),Wj = e(R(Q)), (e(R(J°°)),Wj) = (e(R(Q))e(R(J oc ))) t Wj 

= s(R(Q) n R(J°°)).Wj = e(R(Q U J°°)),Wj - e(R(J°°)).Wj = Wj 

Also, Wj C Stab^(Wj). Therefore, it follows (iii). 

Now suppose that (iii) holds. Let <7ie(R(0))<T2 £ W and tWj £ C such that o-<itW j 6 
W e i(We |). Then J D 9 and o 2 t £ W e ±Wj. Write cr 2 r in the form a 2 r = ab with 
a £ W e ± and b £ Wj. Then 

a 1 e(R(e))a 2 .rWj = a 1 e(i?(e)). ( r 2 T>V J = <Tie(iJ(e)).oWj 

= a 1 e(R(Q))a.W J = a ia e(R(Q)),Wj = a x aWj = a x a 2 Wj. 

□ 

By this proposition, the stabilizer condition (b) is sufficient for the "if -part condition (a). 
It is reasonable to keep condition (b) for modifications of the bad action, because we will see 
in Theorem 15.121 If for the action of W on the Coxeterj:omplex C there exists a compatible 
action of G on the building fi, and if Stabrrj(Wj) 3 Wj holds for all J C 7, then already 
Stab^(Wj) = VV,/ for all J C I. 

Definition 4.6 An action of the face monoid W on the Coxeter complex C, extending the 
action of the Weyl group W on C, is called good if the following two conditions hold: 

(1) Stab^{W.j) = Wj for all J CI. 

(2) W acts order preservingly onC. 

We next give two good actions, which we call good action 1 and 2. In particular, good 
action 2 is quite complicated. We explain how both actions can be found. They are related to 
the Tits cone and to a version of the Tits cone given by E. J. Looijenga. 

The set of closed facets of the Tits cone X also identifies with the Coxeter complex C, 
identifying the closed facet tFj of the Tits cone with the element tWj of the Coxeter complex 
for all t G W, J C I. The partial order is the inclusion order of the closed facets. The action 
of the Weyl group W on the closed facets is induced by the action of W on the Tits cone X. 

Recall from Section [2] that the intersection of a face of X and a closed facet of X_vs again 
a closed facet of X. Now, the idea for the first modified action of the face monoid W on the 
Coxeter complex is to try the following easy formula 

ae(R) > F := a(R n F) where ae(R) G VV, ~F a closed facet. (15) 

It works. To be able to compare it with the bad action and later with good action 2 we use 
Theorem 12.71 to rewrite this formula: 

Proposition 4.7 (Good action 1) We get a faithful, good action > of the face monoid W on 
the Coxeter complex C in the following way: Let o~ie(R{Q))o~2 £ VV, and tWj £ C. Decompose 
a 2 T in the form 

a 2 r = a\a 2 yc 

where a x £ W e ±, a 2 £ We, y £ eue± W J and c £ Wj. Define 

o- 1 e{R(<d))a 2 > tWj := eriaiWeuJuredfo)- ( 16 ) 
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Proof: We first show that the map ae(R) > given by formula (fT5|) is well defined. Let a, r G W, 
and F, S 1 faces of X such that ae(R) = re(S). Then by definition R = S and r — 1 <r 6 Zyy(R). 
It follows 

<7ff(i?) > F = o-(i?nF) = r(T" 1 cr)(i?nF) = t{RHF) = r(STlF) = re(S%F 

for every closed facet f of J. 

Furthermore, > is an action: Trivially, IdF = IflF = F for all closed facets F. Let 
axs(R), ts(S) G W. Then 

ae(R) > (re(5) >F) = cte(F) > r(S* nf) = cr(J2 n t(S n F)) 

= ctt(t~ 1 R nSflF) = crr£(r- 1 i?nS') [> F = ((je(R)te(S)) & 

for all closed facets F. Obviously, the action of W on the closed facets is order preserving. 

Next we use Theorem 12.71 to rewrite formula (|15l) in formula (|16p. Recall that Weue 1 
stabilizes the set F(9) as a whole. It holds 

crie(F(e))cr 2 > tFj = ai(R(e) n aia 2 ycFj) = aiaia 2 {R{Q) n yFj) 
= o-iaia 2 F eu j Ur , ed ( y ) = criaiF euJUred ( y ). 

Now we compute the stabilizer of the facet Fj. Let cre(F) G W such that 

F J = ae(R) > Fj = a(RnFj). (17) 

Comparing the open facets of type J on the left and on the right we get Fj = aFj and Fj C R. 
Note that Fj = Fjoo Uj o C ri r{j°°). It follows 

aeWj and F(J°°) C R, (18) 

which in turn is equivalent to ae{R) S Wj, compare Proposition 12 . 61 and the definition of Wj 
in Proposition 14. 11 Obviously, from (fTS]) follows (jTTJ) . 

At last, we show that the action is faithful. Suppose that ae(R), te(S) € W such that 
ae(R) > F = re(5) > F for all closed facets F. Then a(RDF) = r(5nF) for all closed facets F. 
The face F is a union of closed facets. Therefore, from this equation follows aR = t(S (~1 R), 
from which in turn follows aR C t5 and ctF C tF. From the second inclusion we get 
r _1 (7 G Zyy(F), compare Theorem 12.41 (a). By the first inclusion it follows RC S. Similarly, 
changing the roles of R and S we get SCR. Therefore, ae(R) = ts(S). □ 

The bad action of W is induced by an action of W on the Tits cone X. Similarly, the 
second modified action of W is induced by an action of W on a space X^ OQ resembling a Tits 
cone, which has been introduced by E. Looijenga in [B]. The definition of X^ 00 in [5J is an 
ad-hoc definition. We give an interpretation of X^ QO which also helps to find the action of W 
on Xt oa . 

Recall from Theorem 5.2 and Proposition 1.4 of [7] that the Zariski closure of the torus T 
is a monoid T, which shares many properties with a toric monoid. In particular, it is a union 
of tori, i.e., 

f= |J Te(R), 

R a face of X 

where Te(R) with the restricted multiplication is a torus with unit e(F). It is easy to check 
that the monoid N is an inverse monoid, the inverse map mv : N — > iV given by 

(ne(R)) mv = e(F)n _1 where n G N, Fa face of X. 
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Now we get an action . of N on T by 

n.i := nin mv where n £ N, ief, 

which factors to an action . of W on T. Note that these actions extend the action . of TV on 
T by conjugation and the corresponding action . of W on T. Explicitely, the action of W on 
T is given by 

<re(R) m te(R) = (a.t)e(a(R n R)) where ae(R) € W, te(R) € f . 

Let i? = <jR(0). The torus Te(R) and its (abelian) Lie algebra can be described up to 
isomorphisms as the following quotients: 

Te(R) £* r/T fl where T fl := a. JJ i hi (F x ), 

tee 

Lie(Te(R)) = h/h R where h R := <rspan{ hi \ i € 6 } . 

We now tie together the Lie algebras of these tori in a structure, which resembles an abelian 
Lie cone. 

Proposition 4.8 For a face R of X denote by pn ■ h — > hj hji the canonical ■projection. On 
the set 

h:= |J h/h R 

R a face of X 

there exist operations + : h x h — » h and ■ : ¥ x h — > h defined by 

PR.(h) + Pn{h) := P Rn x(h + h) and a ■ p R (h) := PB.{ah), 

where R, R are faces, h, h G h, and a 6 F. Furthermore, (h, +, ■ ) has similar properties as a 
linear space, except that {h, + ) is only an abelian monoid. 
There exists an action ofW on h defined by 

ae(R) t pT(h) :— p a (RnT) i a h) where ae(R) G W, T a face, h £ h. (19) 

Proof: The only statements which are not immediate are that the operations + and . are 
well defined. We give here a direct algebraic proof. It would be also possible to obtain the 
operations + and , by differentiating the corresponding operations on T. 
The operation + is well defined if and only if 

h R + h R Ch RnR (20) 

for all faces R, R. For any face S the orthogonal complement of hg in h* is obtained by 
(hs) 1 - = span(S'nP), compare Theorem l2.2l Taking the orthogonal complement, the inclusion 
(|2T)]) is equivalent to 

span(i? nP)fl span(.R n P) = {h R ) x n (h^)^ D (h Rn ~) ± = span((i? n R) n P), 
which holds trivially. 

To show that the operation . is well defined let cre(R) = cr'e(R') and pr{h) = Pr(h'). Then 
R' = R, o-"V S Z W (R), and h-ti e h T . It follows 

a(R D T) = cr(o-V)(.H D T) = a'(R n T) = a'(R' n T). (21) 
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Let R — tR(Q). Because of Zyv(R) = tWqt 1 we have 

h' — T)h' G t span { hi | i G } = h R for all rj G Zy\>(R). 
Therefore, by QJJJ, 

ft - o-~V/i' = h-ti + ti - a^a'ti 6h T + h fl C h RnT . (22) 
From ((2TJ) and j22]) follows 

<je(R),p T {h) =ah + h a(RnT) = o'ti + h a{RnT) = o'ti + h CT , (fl , nr) = a'e(R'),p T (h'). 

□ 

If we work over the field F = R then, as usual, we equip the spaces h, h by the lower index 
R. To make our notation not too complicated, we don't equip the maps p Rl R a face, with the 
index R. Recall that X v denotes the Tits cone in hg, and (X v )° its interior. Now, it is easy 
to see that 

Xiao ■= (J ^((^ V )°) C £ R 
R a face 

is a W-invariant convex cone in hjj. As a W-space, X^ 00 has been introduced in an ad hoc 
way by E. Looijenga in [B]. 

E. Looijenga also defined a W-invariant partition of X^ 00 . It can be obtained as follows: 
Let i?(8) be a special face of X. The linear dual (hn/(hj{We-j)* identifies in the obvious way 
with 

span(i?(9)) = { A G K X(h t ) = for all % G 6 } . 

Furthermore, the families 

(hi + (h M ) R{e) ) iee ± C h R /(h R ) J?(e) and (oi) iee ± C span(i?(6)) 

are a free realization over R for the generalized Cartan submatrix Aq±. By Lemma 2.8 of [6J 
this induces a partition of p R c@) ((X v )°) into the facets 

rFy(6) where r G W e x, JC6 1 such that J = J°, 

and 

aj(/i) = for i G J, 
ai(h) > for i G 6- L \ J. 



^(9) := U+(h R ) fl( e) G^ ( e)((X v )°) 



Furthermore, also by Lemma 2.2 of [5J, the map p R r&\ maps every facet of (X^ 00 )° into a 
facet of p R (q)((Xl 00 )°). In addition, every facet of p R ^((X^ 00 )°) is obtained as image of 
a unique facet of Star(F^ ± ) n (X v )°. In the following theorem we describe this map on the 
facets explicitely. 

Theorem 4.9 Let O be special. Let tFj C (X v )°, i.e., r G W and J = J°. Decompose r in 
the form r = aye where a G W91, y G W" 7 , and c G Wj. Then 

PR{e) (rFj)CaF^ nyJ (e). (23) 

Equality holds for tF^ G Star(FX, ± ) n (X v )°. 
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Proof: Let a G W e ± and he{X v )°. Then 

Pfl(e) (aft) = aPR{&) (ft) (24) 

holds trivially. 

Now let h e Fj and y G W' 7 . Let iGB 1 . Because of y^ 1 ^ £ A+ we get 

oti{yh) = (y -1 Q!i)(ft) > for all i G 9- 1 . 

In addition, ai(yh) = (y~ 1 oti)(h) — if and only if y~ x cti G WjJ. Therefore, we have shown 

PRie^yFy) C F^ WjJne± (e). (25) 

By Theorem 2.74 of [2], which holds also for general Coxeter groups, yWjy^ 1 f) Wq-l = 
W yJne ±. Therefore, yWjJ D 9^ = y J n 9 X . 

The element c G W j stabilizes Fj . From equation ([24| and inclusion ([25|l follows inclusion 
([23|l immediately. The statement about the equality is valid by Lemma 2.2 of [6]. □ 

Now by the W-action on X^ 00 , the partitions of Pr(q) ((X v )°), 9 special, extend to a 
W-invariant partition of X^ 00 into facets. 

We summarize the properties of the W-action on X^ 00 : 

Proposition 4.10 W acts faithfully on X^ OQ by 

ae{R)p R ih) =P^ Rn s){o-h) where h G (X v )°. 

The parabolic submonoid Wj is the stabilizer of any element of the facet Fy o (J°°), J C /. 

Proof: It remains to show that W acts faithfully and to compute the stabilizers. 

Let ae(R)pT(h) = Te(S)pr{h) for all h G {X v )°, and faces T. In particular, for T — X we 
get p a R{o~h) — Prs{ T h) for all h G {X y )° . This is equivalent to oR = tS and crh — rh G (Iir),^ 
for all h G (X v )°, which is in turn equivalent to 

S = t~ 1 o-R and h - a^rh € (h K ) fl for all h G (X v )°. 

Because of ((hR)^)^ = span(i?) we find 

T^o^h) = ^(a^rh) = <j){h) for all <p G span(i?), h G (X v )°. 

Since the cone (X v )° spans h]R, this equation holds for all h G hg. It follows t _1 <7 G Zyj(R). 
We get S = t~ 1 o-R = R. Both implies ae{R) = te(S). 

Let h G (X v )° such that PR(j=°){h) G F^^J 00 ). For an element ae(R) G W the stabilizer 
equation 

PR{J^)( h ) = °~z{R)PR{J°°){h) = Pa(Rr\R(J<*>))(vh) 

is equivalent to 

a(R (~l R(J°°)) — R(J°°) and ah- he (h^^joay (26) 

By the first equation it follows R(J°°) D o-- 1 R( J°°), which is equivalent to R(J°°) = o-- 1 R{J°°), 
which in turn is equivalent to a G Wjoo U rjoo\x. Furthermore, it follows R D R(J°°), Write a 
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in the form a = a±(To with cr± G W(joo)i and <jq G W,;™. Because of ugh — h G (hR) fi (joo) 
and crj_(hR) fl (joo) = (Iir)^(joo), the condition 

a±(<7oh — h) + <7j_/i — h = ah — h G (h^(j=o))R 

is equivalent to er^/i — /i G (hR^joo), which is equivalent to <J±p^j<x^(h) — p^j^^(h). Since 
p R (j°o)(h) G F^ (J°°), we get <7 ± G Wjn and o- = <t ± (t q G WjoWj» = Wj. It follows 

ae(R) G Wj. The other way round, it is easy to check that the conditions ([26| are satisfied 
for every element ae(R) G Wj, i.e., cr G Wj and i? D R(J°°). □ 

To proceed further, we need the following Proposition: 
Proposition 4.11 Let a G W. Let J, If C /. Then a can be uniquely written in the form 

a = axc\C2 

with a G W K , x G A 'yy J °° u(JOO) \ ci G {W { j^) J ° , c 2 G Wj such that xc x G A 'W J and 
xac 2 G A W. 

Proof: The uniqueness of the decomposition follows easily, because for L C / and r G W the 
decompositions r = tit 2 with n G Wj,, r 2 G L W resp. ri G W L , r 2 G are unique. 

By Proposition 2.7.5. of [2J, which holds also for infinite Coxeter groups, we may de- 

TV- TOO | i/ too \ _L 

compose a in the form a = axe with a G Wk, cc G W v ' ; and c G Wjcou^joo-^ n 
(J~u(J~)- L )nx- 1 K Wi 

To prove xc G K W we show (xc)^ 1 ^ = c~ 1 x~ 1 cti G A + for all i G K. Because of x G K W 
we have x _1 a^ G A+flx -1 ^ for all i G K. First let i G K such that x" 1 ^ G A + \A^ 00U ^ /00 - )i . 

Because of c _1 G Wjcoy(joo)± it follows c^x -1 ^ G A+. Now let i G K such that x~ 1 a i G 

^J oo u(/ oo ) J -' Write x" 1 ^ in the form 

x~ 1 cti = n j a j 
jeJ^ufJ 00 )- 1 - 

wherc G N for all j G J°° U (J 00 )- 1 . Then 

«i = njxetj. 

Because of a; G W J "' U ( J ° ) ± we have xo,- G A+ for all j G J°° U ( J 00 )^. Therefore, there exists 
an element j G J°° U ( J 00 ) 1 - such that «i = x<x,. In particular, x~ 1 a i G (J°° U ( J oc ) ± )r\x~ 1 K . 
Because of c G V°°u(J°°) x )rix- l Kyy it follows c -i x -i a . G A+. 

Now decompose c in the form c = C1C2C3 with c\ G (W(j°o)i) J , c 2 G Wjo, and cjj G Wj°°. 
Trivially, c 2 := c 2 C3 G Wj. It remains to show xc\ G A >V J . We first show xc\ G W" 7 . Note 
that x G >y JOOu ( JOO ) i and c x G (W^oo^)' 7 ". If j G J°°, then xc^ = xa 3 G A+. If j G J°, 
then xcioy G xA^ Jaa ^ ± C A+. Now we show xc\ G A W. Let i G if. Since xc = xcic 2 G K W 
we have 

{x Cl c 2 y x a, = (c,)- 1 ^)- 1 ^- 1 ^ G A+. (27) 

Here, because of x G K W, x -1 ^ G A + n x^ x K. Now we consider two cases. First let 
(ci)- 1 ^ 1 ^ i A (J oo)_l. Since (c 2 ) _:L G W(j=o)a, from ([2Tj) follows (ci^x" 1 ^ G A+\A+ ) _ L . 
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Now let (ci) x x x (Xi G A(jooj±. Suppose that (ci) x x x ai G A, JOO , x . Then 

(C\)~ X X~ X OL{ = n j a j + 

je(./°°)- L \J° JSJ° 

with nj G -N for all j G (J 00 )^. Since c 2 G Wj = Wj^ujo, from (gT]) follows 

(ci) _1 .T _1 ai = n j a j- 

Multiply this equation on the left and on the right with c%. Since x G K W and c\ G (W(joo)_l) j ° 
it follows 



eA+ JfcJ <o eA+ 

This implies rij = for all j £ J°, which contradicts x~ x a, ■ ^ 0. □ 

The set of facets of X^ DO identifies with the Coxeter complex C as a W-set, identifying 
tFjo(J°°) with rWj for all r G W, J C /. Now the action of W on X^ oa induces an action 
on the Coxeter complex, which is described by the following theorem. 

Theorem 4.12 (Good action 2) We get a faithful, good action <, of the face monoid W on 
the Coxeter complex C in the following way: Let o~ie(R{Q))o~ 2 G W, andrWj G C. Decompose 
a 2 r in the form 

o 2 t = a 1 a 2 xcic 2 

where ai G W e ±, a 2 G We, x G ©ue J -yyJ 00 u(./ 00 ) J - ^ Ci g (yy^^y and c 2 G Wj, such that 
in addition xa G 0U0± W J . Set E := 9 U J°° U red(x). TTien 

cri£(i?(e))CT 2 <i tWj = cnaiyV Su(H -L nci jo). 

Remark 4.13 In general, good action 1 o/W is different from good action 2 ofW, which can 
be seen as follows. Let A be of indefinite but not strongly hyperbolic type. Then there exists 
a special set such that 8 ^ 6 ^ I. Since A is indecomposable it holds U 7^ /. Let 
i G / \ (0 U Q ± ) and denote by o~i the corresponding simple reflection. Then e(i?(0)) ,> (TjVVg = 
W eu{i} bute(R(Q)) < a i W $ = W@. 

Proof: Consider the action of W on X^ ao . We first show that every element of W maps 
any facet of X y Loo into a facet of X y Loo . Let a 1 e{R{Q))a 2 G W and tFJ (J°°) be a facet of 
X^ 00 . Decompose er 2 r as in the theorem. Now C S implies 0- 1 3 EE- 1 -, from which follows 
ic! G a± W J . By the definition of the action of W on X^ 00 , by Theorem 14.91 Proposition 
14.101 and Theorem HOI we find 

{o-ie{R{Q))o- 2 )TFy (J°°) = aie(i 1 , (0))aia 2 a ; cic 2mj oo ) (F) / o) 

= a l a 1 e{R{Q))xc 1 p R( j^ ) {Fj a ) = a 1 a 1 e(R(Q))p xclR{J oa ) (xc 1 Fj ) 

= c r iaip fl( e)n a: fl(j-)(a;ciF)'o) = aiaip R ^(xciF^ ) C eriaii^p^jc^EE). 

Because of EE- 1 C red(x)~ L it follows 

EE 1 - n x Cl j" = xix^E 1 - n ci J°) = ^(EE- 1 n ci J°) = EE^ n ci J°. (28) 
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By Lemma [4.31 the monoid W acts on the set of facets of X^ 00 - Identify the facets of X^ 00 
with the elements of the Coxeter complex C, i.e., identify tFjo(J°°) with tWj for all r 6 W, 
J C I. Then the W-action on the set of facets of X^ 00 coincides with W-action on C of the 
theorem. 

Next we show that Wj is the stabilizer Wj. By our identification, Proposition 14. 101 shows 
Wj<]>Vj = Wj. Now let a G W such that a^Wj = Wj. Write <x in normal form I, i.e., 
<7 = <tie(R(Q))<J2 with (Ti G W and cr 2 € eue W, 8 special. Decompose ct 2 = xcic 2 with 
x G eue- L w J°°u(./'»)- L ) Ci e ( W(J0O) _ L jJ° j and C2 e Wj; such that xci S euei W J . Set 
S := 9 U J°° U red (x) . Then 

Wj = ^Wj = <7iW H u(E-Ln Cl jo). 

As we have seen above, H = 9U J°° U red (x) is a special set. Furthermore, E 1 - n ci J° has only 
components of finite type. It follows 

J°° = 3 = 6 U J°° U red (x) and J° = S" 1 n ci J° and cti £ Wj. 

Now, red (x) C J°° and 6 C J°° imply a; G Wj=c n euei W J °° u(JOO)i = {1} and 9^ D (J 00 )^. 
It follows Weue lCr 2 = Wgnje ±c 2- Since <r 2 is a minimal coset representative it holds Z(cr 2 ) < 
Z(c 2 ). On the other hand also /((T2) = i(x) + £(ci) + lie?) — + i(ci) + £(02). It follows Ci = 1 
and cr 2 = c 2 £ Wj. Therefore <7 = a 1 e(R(Q))a 2 G Wj. 

Next we show that the action of W is faithful. Let a 1 e(R(Q))a 2 G W and a' 1 e(R(Q'))a 2 G W 
such that 

{a 1 s(R(e))a 2 ) < TWj = (a' 1 s(R(&))(T' 2 ) < TWj for all tWj G C. (29) 

In particular, for J = and r = (ct 2 ) -1 we get 

a 1 e( J R(9))a 2 (a 2 ); 1 W - ^ £ (i?(6')) < W . (30) 

Decompose ^(c^) -1 in the form ct 2 (ct 2 ) _1 = aia 2 xcic 2 , with a\ G W91, a 2 G We, x = 1, 
Ci G eue W, and c 2 = 1. Then equation ([50|) is equivalent to oiaiWe = a^We'- Therefore, 

6' = 9 and (oj)"Viai g W . (31) 

Inserting J = and t = (<r 2 ) _1 in equation (f2U)) we get 

( T l£ (i?(e))a 2 ( ( 7 2 ); 1 We = a[e(R(Q')) < We- (32) 

Decompose a 2 (cr 2 ) _1 in the form a 2 (cr 2 ) _1 = a^a^x' c[c 2 with G W@±, a' 2 G We, ac' G 
eue^eue-^ ^ g ^ £ such that ^ g eue-^e Inserting e' = 6, @2) is 

equivalent to criaiWeuredfx') = oiWe- It follows red (x') C 9, resp. x' G W e n euei W euei = 
{1}. Therefore c[ = x'c' 1 G 6ue± W 9 n W _l = {1}. Since o^) -1 = aia 2 ci = a' ia ' 2 c' 2 with 
a a G W x, a 2 G W e , c x G eu0± W, and a' x G W x, a' 2 G We, c 2 G We we find ai = a[ and 
a 2 = a' 2 c 2 and cx = 1. With ([3"T]) it follows 

aie(R(Q))a 2 = a x e{R{Q))a2{(T' 2 )- l a 2 = a iai e{R{Q)y 2 
= a'xia'^axaiEiRiQ))^ = (7^(^(6))^ = oie(iJ(e'))4. 

Since the action of W is order preserving, it remains to show that any element e(R(&)), 
special, acts order preservingly. Recall formula (j2"5)) . Let zjWj, zkWk G C. The re- 
lation zjWj < ZjfWx is equivalent to if C J and zy 1 ^ G Wj. Because of zjWj = 
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zk{zj^zj)Wj = zkWj it is sufficient to consider elements zWj, zWk G C with zWj < zWk, 
which is equivalent to K C J. Trivially, it follows 

K^CJ 00 and X° = (A'°n J°°)U(A'°n J°) . (33) 

CJ~ C(J°°)^ 

Decompose z in the form z = a\a 2 xc\C2 where a\ £ Wgi , a 2 £ We, x € eue W J U ^ J - 1 , 
ci 6 (W(joo ) i) j0 and c 2 £ Wj, such that in addition xci G euei W J and xcic 2 G euei W. 
Set 5 := 6 U J°° U red (x). Then 

e(-R(0))zWj = aiWsuCH-LnxcxJO). 

Decompose z in the form z = aiaaX'^Ca where a[ G Wei, a 2 E We, x' £ Qu^yy^ 00 ^ 00 ) ; 
c'i G (W (K oc )i ) /f ° and 4 £ W/c, such that in addition x'c[ £ eue^yyif and £ eue^ w 

Set S' := 9 U if 00 U red (a/). Then 

£(i?(6))zWK = a^Ws'uas'^nx'c^K )- 

By our choices of the decompositions of z, it follows 

di = a'i and a 2 — a' 2 and XC1C2 = x' d x d 2 . (34) 

Therefore, we only have to show 

SU^n x Cl J°) DE'U {(E') 1 - n x'c^K ). 

We first show 5 2 H'. Decompose c 2 = C21C22 with C21 G Wj» and C22 G Wjo. By (f33|) we 
get {K 00 ) 1 - D ( J 00 ) 1 - D J°. With (O we find 

WeiicjiW^ui^ji = W e ixcic 2 W^oo U(A: oo ) _L 

= Well'q^Wjfooy^oo)! = We-L^'W^-=o U (^-oo-)_L . 

It follows XC21 > x 1 because x' is a minimal double coset representative. Therefore, red (xc 2 ±) = 
red (x) Ured(c2i) 2 red(x'), and we find 

S = 6U J°° U red (x) D 9U K°° U red (x') = 5'. 

Use (|33l) to decompose 

(E') x n x'c'i^ = ((s') x n x'c'^k" n J 00 )) u ((E') x n x'c^a n J )) . (35) 

Next we show (E') x n x'c'^K n J°°) C H. By K C J C J°° U (J 00 )- 1 , equations (34]), and the 
formula for the stabilizer of a face we find 

R(E) = R(Q) n xR(J°°) = R(Q) n xcic 2 i?( J°°) = #(6) n x'c\c' 2 R{ J°°) 

= i?(e)nx'c' 1 i?(j 00 ). (36) 

Let i £ (E/)- L nx'c' 1 (i ; C n J°°). Then the simple reflection Oi fixes the face x'c[R( J°°) pointwise. 
Therefore, it also fixes = i?(8) R x'c[R(J°°) pointwise. The parabolic subgroup We is 

the pointwise stabilizer of R(E). It follows i € H. 

It remains to show (S') 1 - n x'c^ (K a n J°) C SU (E- 1 Hxci J°). Let i £ (E') 1 - Hx'c'^K n J°). 
The parabolic subgroup Weue- 1 - fixes -R(S) as a whole, and 8 C E' implies 2 (E')" 1 "- 
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Therefore, the simple reflection cr, fixes -R(O) as a whole. Similarly, it fixes x'c[R(J°°) as a 
whole. By (f55|) . it fixes i?(S) as a whole. The parabolic subgroup W sus j- is the stabilizer of 
R(E) as a whole, ft follows i G E U S . Now suppose that i G S . Note that 

E ± r\x Cl J° =E ± r\x Cl WjJ°. (37) 

Here the nontrivial inclusion "D" can be seen as follows. Let fc G S and X^ej° ^ 
yy J0 J° = WjJ° such that 

= xc% ^ ' = ^ ' rijXC\OLj. 

j eJ o ieJ o 

Here ccciOj, j G J°, are positive roots because of xc\ G eue± W J . All rij are nonnegative 
integers or all rij are nonpositive integers. Therefore, only one of the integers rij is 1, the 
others are 0. 

Recall that K C J, a/c'^ = a;cic 2 , and S D 5', which implies E x C (E') x . With (JSTJ) it 
follows 

ies^ (S') x n x'c'^k n J°) = n x'c[(i<° n J°) c^n i'c;w x (J( n J°) 
= n i'c^Ws:^ n J°) c^n xcic 2 >Vj j° = n zciWj J° = s- 1 n xci J°. 

□ 



Remark 4.14 for a, a' G W and J, J' CI the equivalence 

aWj C ct'Wj, ^> crVVj C cr'VVj' 
holds. Therefore, it is possible and looks natural to take as Coxeter complex the set 



C := aW. } 



a G W, J C / 



partially ordered by the reverse inclusion. But multiplication on the left by the elements of W 
does not induce an action ofW on C. The setC is in general not stable by these operations. For 
example, let A be of indefinite, but not strongly hyperbolic type. Then there exists a nontrivial 
special set 0^0^/, and 

e(i?(e))W = {e(i?(9))} ^ aWj for all aeW, J CI. 



5 The corresponding actions of the face monoid G asso- 
ciated to G on the building Q 

The Kac-Moody group G acts naturally on its building fi. In this section we extend this action 
to actions of the face monoid G on f2, which fit to the actions of the face monoid W on the 
Coxeter complex C given in the last section. To describe the stabilizers of our actions we need 
the analogues of the parabolic subgroups of G, the parabolic submonoids of G, which we treat 
first. 

Theorem 5.1 For J C I set 

Lj := (TUj)Wj(TUj) and Pj := BWjB. 
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Then Lj and Pj are submonoids of G with unit groups 

(Lj) x =Ljf~\G= Lj and (Pj) x = Pj n G = Pj. 

The multiplication map m : Lj x U J — * Pj is bijective. 

We call Pj the standard parabolic submonoid of G of type J, and every conjugate gP jg^ 1 , 
g G G, a parabolic submonoid of G of iype J. We call Pj = LjU J the standard Levi decompo- 
sition of Pj with Lew? part Lj and unipotent part U J . 

Remark 5.2 In the standard Levi decomposition Pj = LjU J the order of the factors can not 
be changed: It holds U J Lj C P j, but in general this inclusion is proper. 

Remark 5.3 Equip G with the Zariski topology induced by its coordinate ring, compare J^jj. 
Then 

Lj C 17 and Pj C P], 
but in general these inclusions are proper. For example, L® = P® = B but 



B= |j |J Ba ie {R(Q))a 2 B 



& special ai e w e i „ 2 gBue 1 w 
, -l 



by Theorem 9 of J§jj. 

Proof: By Section 2.9 of [7], Lj = BjWjBj = TGj = GjT where Gj G(A/)'. In 
particular, Lj is a submonoid of G with unit group Lj flG = Lj. 
We next show Pj = LjU J . Trivially, 

Pj = BWjB = U j (TUj)Wj{TUj)U j D LjU J . 

To show the reverse inclusion note that Pj = UjU j WjB and Uj C Lj. Therefore, it is suffi- 
cient to show U j TWj C WjB. Let ais(R(Q))a2 G Wj be in normal form I, i.e., 6 C J special, 
o-i e (Wj) 9 = WjnW e , and as G 9u(einJ, (Wj) = Wjn eu0± W. Let n CTl e(P(9))n (T2 G TV 
project onto crie(P(e))cr 2 G W = iV/T. Then for u £ U J we find 

un CTl e(P(6))n - 2 = n CT1 (rvj - ^^! e(P(8))n (T2 = n (Tl e(P(8))pe((^o-i)~ 1 M"-cri) «o- 2 

et/ J eu ± 
= n ai e(R(@))n (T3 (n . 2 )~Ve((n<ri) _1 WV 1 )n (T:! ■ 

eu 

Here we used that U J is normal in Pj, Theorem 13. II (b). and (o^) -1 G W e . 
Pj is a submonoid of G, because of 1 G Pj and 

PjPj = (LjU j )(LjU j ) = Lj(U j LjU j ) = LjPj = LjLjU j = LjU J = Pj. 

Obviously, its unit group is Pj l~l G = Pj. 

It remains to show that the map m is injective. Suppose that 

un T e(R(Q))n a vx = u'n' T ,e(R(Q'))n' al v'x' , (38) 
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where u, v, u', v' £ Uj, x, x' £ U J , and n T e{R{Q))n a , n' T ,e(R{Q'))n' a , € Nj = WjT. We 
have to show un T e(R(Q))n a v ~ u'n' T ,e(R(Q'))n' (J ,v' and x — x'. Since U J is a group it is 



By the Bruhat decomposition of G from (f38|) follows 

n T e{R{Q))n a = n' T ,e{R{&))n'„, . (39) 

We may assume that re(R(Q))a £ Wj is in normal form I, i.e., 8 C J special, r £ (Wj) e = 
WjnW 6 , and o- £ eu (. @±nJ )(Wj) = 0ue± WnW.j. We may also assume that un T e(R(Q))n a v 
and u'n T e(R(Q))n a v' are in normal form, i.e., u, u' £ (Uj) T — Uj D r((C/,/) e, ) _ r~ 1 , and 

u, v' £ Uj n cr-H^j) 6 ' 7 - (Use L. ; = TGj = GjT and Gj G(Aj)' and Theorem EH) By 
(|38f and (|39]) we get 



Q<"Vn I . e(fl(e)) = e(i?(6))?i (T t;a;(x / ) _1 (w') _1 ^ _1 

= e(R(Q)) n^im^ 1 rvir^x')^ 1 ?^ 1 n^v'y 1 ^^ 1 . (40) 

e(E/j) e Gf7 J £(Uj)e 

To cut short the notation set a := n r _1 u _1 u'n r and 6 := n a vx(x')~ 1 (v')~ 1 n a ~ 1 . From PO)) 
follows 

a £ Peue^ n ((C/j) e )~ C (U eue x)- 

and 

(Here we used the fact that Pk H = £7^ and P~ n [7 = Uk, K C I. This can be checked 
easily. Use the Birkhoff decompositions of PZ, Pk, G, and U Pi U~ = {1}.) Furthermore, 
U~ 3 pe(a) — p@(6) = 6 £ U + . It follows 6=1, which gives 

U J 3 n a x(x'y 1 n a ~ 1 = jvt> -1 7v -1 1 n a v'n a ~ x £ (Uj) e . 

Since C/ J n (C/,/) e = {1} this shows x = x' . □ 

Proposition 5.4 Le£ J, K C I. Then: 

(a) Pj C Pjf i/ anrf on/y if J C K . 

(b) Pjn? K = PjnK- 

(c) Pj and Pk generate Pjuk as a monoid. 

Proof: Part (a) and (b) follow immediately from part (a) and (b) of Proposition 14. 1[ use the 
Bruhat decomposition of G. Part (c) follows from part (c) of Proposition [41] □ 

We take as building the set 

tt:={gPj\g€G, J ci} 
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partially ordered by the reverse inclusion, i.e., for g, g' G G and J, J' C J, 

gP.j<g'P.j> gPj^g'Pj*. 

The Kac- Moody group G acts order preservingly on il by multiplication from the left. 

Let A := { nPj | n6 JV, J C / } be the standard apartment of £1. Denote by 7r : N — > W 
the canonical projection of TV onto W = N/T. As an ordered set the standard appartement A 
identifies with the Coxeter complex C by the map p : A — > C defined by p(nPj) :— n(n)yVj, 
n G N and J C I. Set V := : C -> A. 

Definition 5.5 Let • be an action of the face monoid W on the Coxeter complex C, which 
extends the action of the Weyl group W on C. An action • of the face monoid G on the 
building Q, which extends the action of the Kac-Moody group G on O, is called compatible if 
the following equivalent conditions hold: 

(i) It holds N,A C A and for every n e N the diagram 

A -A C 
n. I | 7r(n). 

A -A C 

commutes. 

(ii) For all special sets 6 C / it holds e(R(@)),A C A and the diagram 

A C 
e(i2(0)).j Ie(i?(e)). 
^ C 

committes. 

Remark 5.6 For actions as in the definition the action of G on ft can be recovered from the 
action ofW on C as follows: 

Let g e G and hPj G 0. Write g in the form g = gie(R(Q))g 2 with g\, g 2 G G and & 
special. Decompose g 2 h — an a b with a G P eue ±, n a G N projecting to a G W, and b G Pj. 
Then 

g.hPj = gi e{R{e))g 2 .hPj = gi e(R(e))a.n a bPj 

= g lP Q(a)e{R(e)).n a Pj = gi Pe (a)^(e(R(e)),aWj). 

In particular, there exists at most one compatible action of the face monoid G on the building 
fl, which extends the action of the Kac-Moody group G on 0. 

We now fix an action • of the face monoid W on the Coxeter complex C which extends the 
action of the Weyl group W on C. We determine necessary and sufficient conditions such that 
the formula of the last remark can be taken as definition of a compatible action of the face 
monoid G on the building fi. As a first step we show: 

Theorem 5.7 Let 6 C / be a special set. The following statements are equivalent: 

(i) We get a well defined map e(R(Q)), : ft — > £1 in the following way: Let gPj G 0. 
Decompose g in the form g = an a b with a G P eue ±, n a G N projecting to a G W, and 
be Pj. Define 

e(R(0)).gPj := p^{a)^{e{R{@)),aW j). 
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(ii) Pe{P eiJ e^<yPj<^ 1 )^{R{Q)).aWj) = iP(e(R(Q)).aWj) for alia G eue W J , J CI. 

If this holds then the map e(i?(0)). : ^ Q is order preserving if and only if the map 
e(i?(0)) # : C — > C is order preserving. 

Proof: Let gPj = g'Pj>. Then J' — J and g~ 1 g' G Pj. Decompose g — an a b and g' = a'n' a ,b' 
as in the Theorem. Then e(i?(9)). applied to gPj — g'Pj' is well defined if and only if 

P e (aMe(R(Q)),aWj) = P Q {a')^(e{R{Q)).o-'W j). 

Now decompose a = u\a 2 a 3 aA and a' = a^a^a^a'^ with <j\, a[ G W@±, 02, o' 2 G We, 03, 03 G 
eue^yyJ^ and (74; ^ £ Wj Then 

Pe (a^(e(R(e)),aWj) = Pe(a)1>(e{R(e)) m *xW4.Wj) 
= P e {a)^{e{R{Q))a 1( j 2 .G Z( j A W j) = Pe(a)1>(<rie{R{9)) m (TaWj) 
= Pe(a)^(e{R{Q)).a 3 Wj) = Pe (a^j(e(R(Q)).a 3 Wj) 
= P Q(a^ 2 )i;(s(R(e)) m a 3 Wj). 

Therefore, e(P(0))» applied to gPj = g'Pji is well defined if and only if 

Pe(aa^)iP(s(R(e)).a 3 Wj) = pe(aVX)^(e(i2(e)).o£Wj). 

Now gPj — an a Pj — [aaxa^ja^Pj , similarly g Pj = (a'a^a'^a'^Pj, where ao^cr^, o! a' x a' 2 G 
Pq u q±. Therefore, from gPj = g'Pj we get a' z = a 3 and (aa~io 2 )~ 1 a' ' o-' x a' 2 G cr 3 Pj(a 3 ) . It 
follows that e(R(Q)), applied to gPj — g'Pj' is well defined if and only if 

Pe((a^)- 1 a'^'o y 2 )ip{e(R(G)).o- 3 Wj) = ^(s(R(e)).a 3 Wj). (41) 

Furthermore, here (ad\a 2 )~ 1 a'a' 1 a 2 G Pq u0J _ fl o- 3 Pj(a 3 )~ l . 

Depending on g and g' , all the elements of the intersection Pquq^ n<73P/(i73) _1 appear. This 

can be seen as follows. Let er 3 G eue± W J and x G P@ ue i n<73Pj(<73) _1 . Then ctJPj = xa^Pj. 
Choose a = 1, a' = x, o\ = a' x = 1, a 2 = a 2 = 1, and 174 = a\ = 1. Then (|4Tj) reduces to 

Pe( a; )V(e(P(e)). ( 73>Vj) = ^(e(P(6)).a 3 Wj). 

This proves the equivalence of (i) and (ii). Now suppose that (i), (ii) hold. It remains to 
show that e(R(0)) m is order preserving if and only if £(P(6)). is order preserving. 

It holds e(P(6)). = p e(P(0)). o ^ by the definition of e(i?(8)).. The maps ip and p 
arc order preserving. Therefore, if e(i?(0)). is order preserving, then also e(P(©)). is order 
preserving. 

Now suppose that £(P(6)). is order preserving. Let g'Pj, gPx G f2 with g'Pj < gPx- 
This is equivalent to g'Pj 2 ffPft", which in turn is equivalent to J D K and (g')~ 1 g G Pj. 
In particular, g'Pj = gPj. Now decompose g = an a b with a G Pq u q± n a G N projecting to 
a G W, and b G Pk G P 7 . Then 

e(R(Q)).g'Pj = e{R{Q)).gPj = Pe(a)iP(e(R(Q)).aWj), 
e{R{Q)).gP K = p e (a)iP(e(R(0)),aW K ). 

It holds erW,/ < gWk- Furthermore, e(P(B)) # is order preserving, the map ip is order pre- 
serving, and G acts order preservingly on fl. Therefore, 

e(R(e)).g'Pj =Pe(aW(e(R(e)),aWj) < P Q(a)i>(e(R(e)).o-W K ) = e(R(Q)).gP K . 
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□ 

Next we want to determine the groups PQ(PQ [je ± H aPja^ 1 ), a G eue± \y J , which appear 
in (ii) of the last theorem, explicitely. 

Theorem 5.8 Let J, K CI. Let a € K W J . Then 

P K n ctPjcj- 1 = (aUj o- l ){nU J a- 1 n {U K )-)N Kna jU K . 

Proof: Since a G K W J the inclusion "D" holds. It remains to show the reverse inclusion. By 
the Birkhoff decompositions of , Pj it holds 

P k ct n aPj = U-W K TU K a n aUJWjTU = U'Yv 'koT^V r K <r) n {aUJ a'^aW jTU. 

Because of cr 6 K W J we have <j~~ 1 Uk<J Q U and aUja^ 1 C f/~. By the Birkhoff decomposi- 
tion of G we get 

P K 5 n cfPj = |J {IJ-tT^Ukg) n (aUja-^-rTU) , (42) 
rev 

where V := Wjf<r n cW j. By Proposition 2.7.5. of [2j, which is valid also for infinite Coxeter 
groups, it holds 

V = W*r<7 n dWj = (Wjc n aWja-^a = W K n<rJ<r- (43) 

Let x € P/fCT n ctPj. Then by (|42|) there exist u~ 6 P _ , n T € iV projecting to r 6 V, 
ha' € Pit such that x = u~n T a~ 1 UKO '■ Since u~n T a~ 1 UK^ G o\Pj and a~ 1 UK<^ G P we get 
u~n T G aPj. Because of r G V C crVVj we find !j~ l vro G Pj. It follows u~ G aPjcr^ 1 (~l E/~. 
Therefore, we have found 

P^ct n ctPj C (ctPjct" 1 fl V^VTa^V K a. (44) 

Now we show 

oPjo- 1 DU- = aUJa-^aUa- 1 H CP"). (45) 
By the Birkhoff decomposition for Pj it holds 

aPj H P _ ct = (crt/Jcr-^crWjTC/ fl U (T. 
Here (aUja^ 1 ) C P~ because of cr € • ftr W"'. By the Birkhoff decomposition for G we find 

aPj n P"ct = {oUjo-^oU n U~(j. 
Multiplying on the right by cr -1 , and using aUJa^ 1 C P _ we find 

dP/Cr" 1 nr = (crPycr-^crPcr- 1 (~l U~ = (jJ"Uj(X~^ ) (ctPcj ^ fl CP"). 

Next we show 

6Uo- x r\XJ- =<jU J (t- 1 n(u K )-. (46) 
The inclusion "D" is obvious, we only have to show the reverse inclusion. It holds 

aUa- 1 r\U-= fl U a . 
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Let a G oA+ n A re . Suppose that a G (A K ) re . Since cr G X W J it follows a 1 a G A„„. which 
contradicts a G crA+ e . Suppose that a G <j(Aj) re . Since cr G ^W 7 it follows a G A+ e , which 
contradicts a G A,T e . Therefore 

aUa^ 1 n C/- C J] [7 a C <tU j cr' 1 n (Z7*) - . 

ae<T(A+\(A + )„)n(A-\(A K ) re ) 



Now multiply (J44J) with cr^ 1 from the right. With (|45|). (|46|) , and Q43J) follows the inclusion 
"C" of the theorem. □ 

Corollary 5.9 Let 6 C 7 6e spedaZ, let J C I and a G 0u0i >V J . T/ien 

Pe^eue- n^ 1 ) = U e±naJ W e , na jT e U e ^ (47) 

Remark 5.10 TTie image of p^ is Gq±T® u ® , which is a group with BN-pair GQ±T® uei n 
B = U e ±T e and G e ±T eue± n iV = HVT e . TTie 5 roMp gTp of the corollary is the standard 
parabolic subgroup corresponding to n a J. 

Proof: By the last Theorem and our definition of p@ we get 

Pe( p eue± naPjO 

= Pe(o-Ujo-- 1 )pe(o-U J o-- 1 n (U eue± r)p e (W {eue ^ na j)p e (T)p e (Ueue^) 

= p^aUja-^lWe^j^Us^. (48) 

Since a G eu6|i W 7 we get crUJa^ 1 CU~. By the definition of p e it follows p^aUfa^ 1 ) C 

Now the group Pe(7 J 0u0i n aPjo 1 ) contains Uq±T® . Therefore, it has to be a standard 
parabolic of G B ±T eije± of the form 

C/ K WK7 e C/ e i (49) 

for some K C Q- 1 . If we now use the Birkhoff decomposition of G to compare (|48|) with (|49"|) 
we get 7s: = 9- 1 n a J. □ 

Theorem 5.11 Let C 7 be a special set. Suppose that 

U e±nr7j W ^ naJ T e U ^(e(R(e)) m aW,j) = ^(e(R(Q)),aWj) 

holds for all a G eue W J , J C 7. TTien £/ie following statements are equivalent: 

(i) For every g G Ge(R(Q))G we get a well defined map g : Q — ► f2 m f/ie following way: Let 
cPj G f2. Write g in the form g — xe(R(Q))y with x,y G G. Define 

g.cPj :=x(e(R(e).ycPj). 

(ii) GeU eue± i>(e(R(&)),<TWj) = ^(e{R{&)),aWj) for all a G euei W J , J C 7. 
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Proof: Suppose that (i) holds. Then we find for all a G G e U eue = { g G G \ ge{R{0)) = e(R(0)) }, 
for all a G eue± W J , and for all J C /: 

ail>(e(R(Q)).*Wj) = a(e(R(Q)).aPj) = (ae(i2(0))).oFPj 
- e(R(e)).aPj = ^(e(i?(e)).aW, 7 ). 

Now suppose that (ii) holds. Let x, x' , y, y' G G such that g = xe(R(Q))y = x'e(R(Q))y' . 
We have to show that 

x(e(R(G)).ycPj) = x'{e{R{@)).y'cPj) 
for all cPj G f2. Actually, it is sufficient to show that xe(i?(6)) = e(R(Q))y, x, y G G, implies 

x(e(R(e)).cPj) = e{R(Q)),ycPj 

for all cPj G £1. 

Fix cPj G 0. Decompose c = a?6 with a G P euei , a G eu0i >V J , 6 G Pj. The equality 
xe(_R(6)) = e(i?(9))y is equivalent to x G P eue ^, y G -Pquq^ and pe( a; ) = Pe(y)- It follows 

e(P(e)).ycPj = Pe{ya)1>(e{R{Q)) m vWj) 

= Pe(v)PeW(e{R{Q)) m aWj) = pe(x)p^(a)^(e(R(Q)).aWj) 

= xp e (a)(p e (a))- 1 x- 1 Pe (x) Pe (a)i;(e(R(0)).aWj). 

By the definitions of p@ it holds x~ 1 p@(x) G G® k ;/ euei an d also (Pe(a)) _1 x _1 pe(a;)Pe( a ) e 
G e k U eue± . Since (ii) is valid it follows 

e(R(Q)).ycPj = spe(a)V>(e(^(©)).^Wj) = x(e(R(Q)).cPj). 

□ 

We have fixed an action • of the face monoid W on the Coxeter complex C, which extends 
the action of the Weyl group W on C. The next beautiful theorem is the main theorem in this 
section. It characterizes in an unexpected easy way when there exists a compatible action of 
the face monoid G on the building O. It also describes this action. 

Theorem 5.12 (a) There exists a compatible action • of G on fi extending the action of G 
on fi if and only if e(R(Q)) t aW,j G C is a standard parabolic for all 6 C I special, J C I, and 
a G @U@± W J . 

This action of G on fl is uniquely determined and can be obtained in the following way. 
Let g G G and hPj G O. Write g in the form g — gie(R(Q))g2 with gi, gi G G and 9 special. 
Decompose g2h = an a b with a G Pq u@ ±, n„6JV projecting to a G W, and b G Pj. Then 

g.hPj = gi p e (a)^(e(R(e)),aWj). (50) 

(b) Let J C I. The stabilizer of Pj G O of the action • of G on il is obtained from the 
stabilizer of Wj G C of the action • of W on C by 

Stab s (Pj) = BStab^(Wj)B. (51) 

It is equivalent: 

(i) Stab d {Pj)=Pj. 
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(ii) Stab^{Wj) = Wj. 

(in) Stab^{Wj) D Wj. 
(iv) e(R(J°°)),Wj = Wj. 

(c) The action • of G on is order preserving if and only if the action • of W on C is 
order preserving. 

Remark 5.13 The equivalent conditions (i), (ii), (Hi) and (iv) of (b) are not always satisfied 
for the actions which we consider. The easiest action of W on C, which satisfies the required 
property stated in part (a) of the theorem, is obtained as follows: For crWj G C set 

T.aWj := tctWj for all t G W, 
T.aWj := Wj for all f G W \ W. 



This action is even order preserving. But 

StabfiOWj) = 



Wj if J^I 

W/ if J = I 



Note also that the corresponding compatible action of G on Q is described as follows: For 
gPj G O it holds 

h.gPj = hgPj if h£G, 
h.gPj = Pi if heG\G. 

Proof: (a) We first check that the conditions (ii) of Theorem 15 . 71 and 1 5 . 1 1 1 hold for all C I 
special if and only if e(R(Q)) t aWj is a standard parabolic subgroup of W for all O C I special, 
J C I, and a G eue± W J . 

Fix 0C / special, JC /, and a G eue W J . The corresponding equations of the conditions 
(ii) of Theorem 15.71 and Theorem 15.111 which have to be satisfied, are 

U 0±naJ W e ^ naJ T e U e ^(e(R(e)).aWj) = ^{e(R(Q)),aW j), 
U B WeT e U e U e,je± ^{E{R{Q)).o-Wj) = ^{e{R{Q)),aWj). 

Because of -Peu(e J -n<rJ) — ^e U (eJ- n erj)^Su(e- L ncrj')C^) these two equations are equivalent to 

Peu(e^j)^(R(Q)).«Wj) = Tp(e(R(G)).aWj). (52) 

Here i/j(s(R(Q)) m o-\V j) is a coset of the form gPx- Now -Peu(e J -n<r./)ff-F > R" = gPx is equivalent 
to g _1 i :> eu(e J -n<Tj)3 Q Pk- By properties of the parabolic subgroups, compare Part 3.2.3 of 
[17] . this is equivalent to g G Pk and -Peu(e-'-rw) Q Pk- Therefore, (l52|) is equivalent to 
tp(e(R(Q)) t o-Wj) is a standard parabolic subgroup of G such that 

C i>{e(R(e)),aWj). 

This in turn is equivalent to e(R(Q)) 9 <tWj is a standard parabolic subgroup of W with 

W 0U (e^rw) C e(R(G)).aWj. (53) 
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We now show that (|53|) is no proper restriction. It is satisfied for our action • of W on C: 
Let a £ We, b £ W e ± naJ = W e ± n aWja^ 1 . Then 

abe(R(e)),aWj = ae(R(e))b.aWj = e(R(Q)),baWj = e(R(Q)).aWj. 

(j3) From Theorem 15.71 and Theorem 15.111 now follows that for every jgGwe get by (f50j) 
a well defined map g, : Q — > Q. To show that we get an action of G, extending the action of 
G, it remains to show that for all g\, g 2 , hi, h 2 £ G, for all 0i, 02 special and for all elements 
zPj £ ft it holds 

(gie(R(ei))g 2 ).((h 1 e(R{e 2 ))h 2 ).zPj) = {gie{R{@i)g 2 h x e{R{e 2 ))h 2 ).zPj. 

Decompose g 2 h x = aab with a £ P QiUe j_, a £ @ ^ ue ± W @2U@ * , 6 e Pe a ue£- Then b Y dSOJ) and 
by Theorem 13.11 (b) this equation is equivalent to 

g lPei (a)eCR(ei)).(ae(-R(e 2 )).pe s (b)h 2 zPj) 

= g lPei (o)e(iJ(0 x U 9 2 U red (tr))).pe a (b)h 2 zPj. 

Therefore, it is sufficient to show 

e{R{Q 1 )).(ae{R{G 2 )).zPj)=e(R{G 1 ue 2 \Jred{<j))).zP J (54) 

for all 6i, 6 2 special, for all a £ ©iue 1 L n ;e 2 ue 2 i ^ and for &u zP/ g ^ 

Set 8 := 9i U 82 U red (a) for short. Decompose z in the form z = ax6 with a S Pq±, 
x £ W and b £ Pj. Then 

e(Ji(e)).«Pj =Pq(cl)iP(s(R{G)).xWj). (55) 

From 6 2 C 6 follows a £ P~ x C . Therefore, 

e (i?(e 1 )).(ae(i?(e 2 )).zP / ) = e (fl(8 1 )).5p e2 (a)^(£(fl(8 2 )). J; Wj) 
= e (i?(e 1 )).?p e2 (a)5f- 1 ^( £ (i?(e2)).xWj) 

= e (i?(e 1 )).(ap e2 (a)a- 1 )^(a£(i?(e 2 )).a ; Wj). (56) 
Suppose we can show 

ZPeM*' 1 eP ef ( 57 ) 

Pex^W^'Je^e)) =Pe(o)e(Ji(e)). (58) 

Then (jBlIj) can be transformed by Theorem 13.11 and Theorem 12.41 in the following way: 

e (i?(e 1 )).(f Pe2 ( fl )5->((7 £ (fi(e 2 )),xw J ) 

- Pei (5pi a (a)a- 1 )e( J R(e 1 )).^(a £ (i?(6 2 )). ; rW J ) 
= Pe 1 (^e 2 (^ 1 )V'(£(P(ei)).(a £ ( J R(e 2 )). a; W J )) 
= P 01 (ap e2 (a)a- 1 )VXe( J R(e)).xW. / ) 
= Pe, (°Pe 2 {a)a~ 1 )e(R(Q)).ip{xW J ) 

= Pe {a)e{R{G)).^{xWj) = Pe (a)yj(s(R(e)),xWj). (59) 
The right side of (155)) coincides with the right side of ([59]), i.e., equation (|54|) is valid. 
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Now we show (|57l) . Write a G P Q± in the form a = tj\i = i m up i with t G T, up i G 
A G A~ U (A+j.) re3 i = 1, . . . , to, m G N. The inclusion 9 2 C 6 implies ® x C (63)^. 
Therefore, 

? Pe 2 ( a ) 5_1 = 5 Pe 2 (*) ?_1 ' II ctm^ct^. (60) 

£T /3;e(A _ . ) re u(A+ 1 )re 

From red (a) C follows ct G We, from which in turn follows cr(Agj_) re = (AQ X ) re . Since 
(7 e e i u0 i L yv e2ue ^ we also get <7(A~j_) re C Az,. Therefore, the expression on the right of 
((6ll)l is contained in Pq^ . From the inclusion 9i C O follows Pq ± C P~^ . 
Now we show ((551). By Theorem IBTTl use (JSTJ), it holds: 

P Q(a)e(R(Q)) = e(P(9))a = e(P(e 1 ))ae(P(6 2 ))a 

= Pe 1 (^e 2 («)^ 1 ) e (^(6i)) 5e ^(02))=Pe 1 ( 5 Pe 2 («)^ 1 )eWe))- 

(7) Obviously, the action • of W is order preserving if and only if e(P(9)). : C — » C is order 
preserving for all C J special. Similarly, the action • of G is order preserving if and only if 
e(P(9)). : — > is order preserving for all 9 C I, Now part (c) of the theorem follows from 
Theorem 15.71 

(S) Let J C I, Every element of g G G can be written in the form g — bn&b' with b, b' <E B 
and ha- £ N projecting to a G W. Now Pj = g.Pj = bna-b' t Pj if and only if (na-).Pj = Pj if 
and only if <t,Wj = Wj. This shows formula (|5Tj) of part (b) of the theorem. 

It remains to show the equivalence of (i), (ii), (hi) and (iv) of part (b). By formula ([51]) 
the statements (i) and (ii) are equivalent. By Proposition 14. 51 the statements (iii) and (iv) are 
equivalent. Trivially, from (iii) follows (ii). Now suppose that the equivalent statements (iii) 
and (iv) hold. To show (ii) we have to show Stab^(Wj) C Wj: Let a G Stab^(Wj). Write 
a in normal form I, i.e., a = crie(P(9))<7 2 with o\ G W e , cr 2 G 0ue W, and 9 C I special. 
Write cr 2 in the form a 2 = xc x c 2 with x G e^yy^^^) 1 , Cl G (W {J ~, } ±) J " and c 2 G W, 7 
such that in addition xc\ G eue± W J . Then Wj = <j,Wj is equivalent to 

(a^Wj = e(R(e))a 2m Wj = e(fl(e))a;c 1 . Wj. (61) 

By our assumptions on the action of W, the coset (e(R(Q))xci),W j is a standard parabolic 
subgroup. It follows <7\ G Wj. By inserting in (|6T|) and by (iv) we get 

Wj = e(P(9))a;ci.Wj - e{R{<d))xc lm {e(R( J°°)).Wj) 

= £(P(6))a;ci£(P(J 00 )).W./ = e(P(9))xe(P( J°°))ci. Wj 

= e(P(9 U J°° U red (a:)))ci.Wj = e(P(9 U J°° U red (i))), Cl Wj. 

Applying the idempotent e(P(9 U J°° U red (2))) on both sides we find 

e(P(9 U J°° U red (x))).W./ = e(P(9 U J°° U red (x))).aWj = Wj. (62) 

Because in W it holds 

W eu j-ured(x)£(P(9 U J°° U red (re))) = e(P(9 U J°° U red (x)j), 
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we get WeuJ-ured(x) Q Wj from ((62j) . It follows 9 C J and x £ Wj n eue W J °° u(JOO) = 
{1}. We have shown cr 2 = C1C2 with cx G (W(j=o)i) J C W e ^ and C2 S Wj. Furthermore, 
(Ji G Wj. By inserting in (|61[) we find 

Wj = e(i?(0))a 2 .Wj = e(i?(G)) Cl .Wj = c^fflfeiJ.Wj. 

Again by our assumptions on the action of W, the coset e(i?(0)).Wj is a standard parabolic 
subgroup. It follows c\ £ Wj. 

We have found o\ G Wj, 6 C J, and o~ 2 — cic 2 G Wj, which shows <r = eri£(i?(0))cr 2 G 

Wj. □ 

Because of the last theorem it is resonable to define: 

Definition 5.14 An action of the face monoid G on the building fl, extending the action of 
the Kac- Moody group G on tt, is called good if the following two conditions hold: 

(1) Stab e (Pj) = Pj for all J CI. 

(2) G acts order preservingly on Q. 

The face monoid G fits very well to the building f2, which is summarized in: 
Corollary 5.15 The actions of (a) and (b) correspond bijectively by compatibility: 

(a) The actions / order preserving actions / good actions • of G on Q,, which extend the 
action of G on £1. 

(b) The actions / order preserving actions / good actions • of W on C, which extend the 
action of W on C, such that e(R(Q)) m aW ,; G C is a standard parabolic for all C I 
special, J C I, and a £ eue± W J . 

Proof: It remains to show that an action • of G as in (a) is compatible to an action • of W 
as in (b). Because of Theorem 15. 121 it: is sufficient to show N,A C A. 

Let C / special, J £ I, and n a £ N projecting to a £ eue± W J . We first show 
that e(i?(0)).n (T Pj G ft is a standard parabolic. Let e(R(Q)),n a Pj = gPx- It holds B = 
U U eue± U e ±T and ( j- 1 U e ±Ta C B. By Theorem O follows for all u £ U B U eue± and 
v £ U @ xT: 

uvgP K = uve{R{Q)).n a Pj = ue(R(Q))v % n a P j — e(R(Q)),n (y (n^ 1 vn a )P j 
= e{R{Q)).n IJ P J = gP K . 

Therefore, g~ 1 Bg £ Pk- It follows g £ Pk, compare part 3.2.3 of [T7]- We have shown 
e(R(G)).n a Pj = P K . 

Now NA £ A follows, because by Theorem O it holds e(i?(0))n = ne(R(0)) for all 
n £ N Bue ±, special. □ 

We now use Theorem 15.121 to show that there are compatible actions of G on for our 
three actions of W on C described before. It is open to determine in particular all good actions 
of G on fl, which extend the action of G on il. 

If we apply Theorem 15. 121 to the bad action described in Proposition 14.41 we find easily: 
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Corollary 5.16 (Bad action) There exists a unique action n of G on Q extending the action 
of G on Q, compatible with the bad action p ofWon C. 

Explicitely it can be obtained as follows: Let g\e{R{Q))g2 G G and hPj G fL If g2hPj G 
Pq u q±(P0 I) = (U b )~Wq± (Pq i) decompose g2h in the form g2h = ab with a G Pq u&x an d 
bePj. Then 



{ gi e(R(Q))g 2 ) n hPj = gip 6 (a)Pj. 

(p„ i "\ — 

OUO J 



Ifg 2 hPj i Pe ue APe I) = (E/°rnV(P e i) then 



( Jh e(R(G))g 2 ) n hPj = P I . 

This action of G is in general not order preserving. The parabolic submonoid Pj is the 
stabilizer of Pj G £1, JC /. 

If we apply Theorem 15. 121 to good action 1 described in Proposition 14.71 we find: 

Corollary 5.17 (Good action 1) There exists a unique action > of G on Q extending the 
action of G on f2, compatible with good action 1 > ofWonC. It is good. 

Explicitely, this action can be obtained as follows: Let g\e{R{Q))g2 G G and hPj G fl. 
Decompose g2h in the form 

92h = an y c 

where a G Pq u q±, c G Pj, and n y G N with corresponding projection y G 0ue> W J ■ Then 
( 5l e(«(e)) ff2 ) > /iP J 
If we apply Theorem 15.121 to good action 2 described in Theorem 14.121 we find: 

Corollary 5.18 (Good action 2) There exists a unique action < of G on £1 extending the 
action of G on f2 ; compatible with good action 2 < ofWonC. It is good. 

Explicitely, this action can be obtained as follows: Let gie(R(0))g 2 G G and hPj G f2. 
Decompose g2h in the form 

g 2 h = an x n Cl c 2 

where a G Pq u q±, C2 G Pj, andn x , n Cl G N with corresponding projections x G eue W J U<,J ^ 
ci G (W (J oo)i) j0 such that in addition xc t G eue ^W J . Set 3 := 6 U J°° U red(x). Then 

{g 1 e(R(@))g 2 )«hPj = giPQ{a)P Eu{E ± nciJ0) . 

It is instructive to compare the orbit of B G £1 for these actions. For simplicity we assume 
the generalized Cartan matrix A to be indecomposable and of affine or indefinite type. To 
make our notation plain we denote the action of the Kac-Moody group G on SI by a dot "." .By 
applying the face monoid G to the point B G f2 we get for the bad action 

G a B = G.BUP;, 

which looks like the flag variety together with an irrelevant point. We get for good action 1 

G&B = G.Peu re d( y ). 

6C/ special 
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In a subsequent paper we give an algebraic geometric model for a G-space f2, where the action 
of G on the building fl coincides with good action 1, [12] . At least this actions occurs quite 
naturally. We get for good action 2 



G.B = |J G.P&. 
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